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1 Introduction
The antisymmetric tensor fields, or BF -models, were introduced many
years ago in connection with string theories and nonlinear sigma models [1].
More recently they have been the object of a renewed interest due to
their topological nature [2]. Antisymmetric tensor fields can be used, for
instance, to compute topological invariants [3] which generalize the three-
dimensional linking number [4].
These models are also studied for their connection with lower dimen-
sional quantum gravity; in particular, the Einstein-Hilbert gravity in three
space-time dimensions, with or without cosmological constant, can be nat-
urally formulated in terms of the BF -models [2, 5, 6].
From a pure field theoretical point of view, the BF -models are known
to require a highly non trivial quantization [7, 8, 9] due to the presence of
zero modes, which implies several ghost generations for the gauge fixing
procedure. Moreover, as shown for the three-dimensional case [10], they
are expected to be an example of finite theories.
The purpose of this work is to give a proof of the perturbative finiteness
for the more complex four dimensional case, relying on the existence of a
supersymmetric structure found by the authors [8]. This structure, whose
topological origin is manifest when adopting a Landau gauge, is a common
feature of a large class of topological models [10, 11].
Although the choice of an axial-type gauge, which trivializes the ghost
sector, appears to be more convenient than the covariant Landau gauge,
the adoption of the latter turns out to be very useful to discuss the higher
dimensional generalization of the model [12]. Indeed in dimensions higher
than four, the BF -models naturally contain the generalized Chern-Simons
terms [19] which, being not trivial even with a noncovariant gauge choice,
are easily handled in the Landau gauge, thanks to the existence of the
above mentioned supersymmetric structure.
The essence of the method is to encode all the constraints defining the
model (BRS invariance, supersymmetry, ghost equations, . . .) into an ex-
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tended BRS operator by the introduction of new global ghosts. The quan-
tized theory is then controlled by a generalized Slavnov identity which
contains all the symmetries. This technique turns out to be very powerful
when dealing with an algebraic structure described by several operators. In
particular, the search of the anomalies for each single operator is reduced
to a unique cohomology problem for the extended Slavnov operator.
The paper is organized as follows: sect.2 contains a brief review of the
algebraic classical properties. In sect.3 we discuss the absence of local
counterterms and, finally, in sect.4 we characterize the anomalies.
2 The classical model and the algebraic structure
This section is devoted to a brief summary of the classical properties of the
model.
Following [8], the model is characterized by a complete gauge–fixed clas-
sical action
Σ = Sinv + Sgf + Sext , (2.1)
where
Sinv = −
1
4
∫
d4x εµνρσF aµνB
a
ρσ (2.2)
is the topological four–dimensional BF–action [2, 3] which describes the
interaction between a two–form field Baµν and a gauge field A
a
µ, and
F aµν = ∂µA
a
ν − ∂νA
a
µ + f
abcAbµA
c
ν . (2.3)
The action (2.2) has the symmetries :
δ(1)Aaµ = −
(
∂µθ
a + f abcAbµθ
c
)
≡ −(Dµθ)
a
δ(1)Baµν = −f
abcBbµνc
c (2.4)
and
δ(2)Aaµ = 0
δ(2)Baµν = − ((Dµϕν)
a − (Dνϕµ)a) ,
(2.5)
with θa and ϕa local parameters.
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The corresponding gauge–fixing action, in a Landau–type gauge, reads [8] :
Sgf =
∫
d4x
(
ba∂Aa + c¯a∂µ(Dµc)
a + haν(∂µBaµν) + ω
a∂ξa + haµ(∂
µea)
+ωaλa + (∂µξ¯
aµ)λa − (∂µφ¯a)
[
(Dµφ)
a + f abccbξcµ
]
−(∂µξ¯aν)
[
(Dµξν)
a − (Dνξµ)a + f abcBbµνc
c
]
+12f
abcεµνρσ(∂µξ¯
a
ν)(∂ρξ¯
b
σ)φ
c
)
(2.6)
where (c, c¯, b), (ξ, ξ¯, h) are the ghosts, the antighosts and the Lagrangian
multipliers for the transformations (2.4) and (2.5), while the fields (φ, φ¯, ω)
take into account a further degeneracy due to the well–known [7] existence
of zero modes in the transformations (2.5).
All the fields belong to the adjoint representation of the gauge group G,
assumed to be simple. The dimensions and the Faddeev–Popov charges of
the fields are
A B c c¯ b ξ ξ¯ h φ φ¯ ω e λ
dim 1 2 0 2 2 1 1 1 0 2 2 2 2
ΦΠ 0 0 1 -1 0 1 -1 0 2 -2 -1 0 1
Table 1.Dimensions and Faddeev–Popov charges of the quantum fields.
The gauge–fixed action (Sinv +Sgf) turns out to be invariant under the
two following sets of transformations [8]:
sAaµ = −(Dµc)
a
sca = 12f
abccbcc
sξaµ = (Dµφ)
a + f abccbξcµ
sφa = f abccbφc
sBaµν = −(Dµξν −Dνξµ)
a − f abcBbµνc
c + f abcεµνρσ(∂
ρξ¯bσ)φc
sξ¯aµ = h
a
µ , sh
a
µ = 0
sc¯a = ba , sba = 0
sφ¯a = ωa , sωa = 0
sea = λa , sλa = 0 ,
(2.7)
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and
δµA
a
ν = −ενµτρ∂
τ ξ¯aρ
δµc
a = −Aaµ
δµc¯
a = 0
δµb
a = ∂µc¯
a
δµB
a
νρ = −ενρµτ∂
τ c¯a
δµξ
a
ν = −B
a
µν
δµξ¯
aτ = −δτµφ¯
a
δµh
aν = (∂µξ¯
aν) + δνµω
a
δµφ
a = ξaµ
δµφ¯
a = 0
δµω
a = ∂µφ¯
a
δµλ
a = ∂µe
a
δµe
a = 0 ,
(2.8)
with
s(Sinv + Sgf) = δµ(Sinv + Sgf) = 0 . (2.9)
It is easy to verify that :
{ s, s } = 0 + equations of motion
{ s, δµ } = ∂µ + equations of motion
{ δµ, δν } = 0 ,
(2.10)
from which one sees that the BRS transformations (2.7) are nilpotent on–
shell.
Finally, the last term Sext in (2.1) describes the coupling of the external
sources
(
Ω, L, γ,D, ρ
)
with the nonlinear transformations in (2.7) :
Sext =
∫
d4x
(
Ωaµ(sAaµ) + L
a(sca) + γaµν(sBaµν) +D
a(sφa)
+ρaµ(sξaµ) +
1
2 f
abcεµνρσγ
aµνγbρσφc
)
.
(2.11)
The dimensions and the Faddeev–Popov charges of these sources are :
Ω L γ D ρ
dim 3 4 2 4 3
ΦΠ -1 -2 -1 -3 -2
Table 2. Dimensions and Faddeev–Popov charges of the external fields.
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The complete action Σ obeys to the following Slavnov identity :
S(Σ) = 0 , (2.12)
where
S(Σ) =
∫
d4x
(
δΣ
δΩaµ
δΣ
δAaµ
+
δΣ
δLa
δΣ
δca
+ 12
δΣ
δγaµν
δΣ
δBaµν
+
δΣ
δDa
δΣ
δφa
+
δΣ
δρaµ
δΣ
δξaµ
+ haµ
δΣ
δξ¯aµ
+ ba
δΣ
δc¯a
+ ωa
δΣ
δφ¯a
+ λa
δΣ
δea
)
.
(2.13)
The corresponding linearized operator
BΣ =
∫
d4x
(
δΣ
δΩaµ
δ
δAaµ
+
δΣ
δAaµ
δ
δΩaµ
+
δΣ
δLa
δ
δca
+
δΣ
δca
δ
δLa
+ 12
δΣ
δγaµν
δ
δBaµν
+1
2
δΣ
δBaµν
δ
δγaµν
+
δΣ
δDa
δ
δφa
+
δΣ
δφa
δ
δDa
+
δΣ
δρaµ
δ
δξaµ
+
δΣ
δξaµ
δ
δρaµ
+ haµ
δ
δξ¯aµ
+ ba
δ
δc¯a
+ ωa
δ
δφ¯a
+ λa
δ
δea
)
,
(2.14)
turns out to be nilpotent, i.e. :
BΣBΣ = 0 . (2.15)
One has to remark that the nilpotency of BΣ is insured by the quadratic
term in the external source γaµν in (2.11). As it is well known [13], the
introduction of this term is necessary when the BRS transformations are
nilpotent on–shell and, in practice, is the only way which allows to define
an off–shell nilpotent linearized operator.
The δµ invariance of (Sinv + Sgf) translates into a Ward identity for
Σ [8]:
WµΣ = ∆
cl
µ , (2.16)
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where
Wµ =
∫
d4x
(
−ενµτρ(γaτρ + ∂τ ξ¯aρ)
δ
δAaν
−Aaµ
δ
δca
− 1
2
ενρµτ (Ω
aτ + ∂τ c¯a)
δ
δBaνρ
−Baµν
δ
δξaν
+ (∂µc¯
a)
δ
δba
− φ¯a
δ
δξ¯aµ
+ (∂µξ¯
aν + δνµω
a)
δ
δhaν
+ξaµ
δ
δφa
+ (∂µφ¯
a)
δ
δωa
+ (∂µe
a)
δ
δλa
−Da
δ
δρaµ
−La
δ
δΩaµ
− 14(δ
σ
µρ
aτ − δτµρ
aσ)
δ
δγaστ
)
,
(2.17)
and
∆clµ =
∫
d4x
(
−γaρσ(∂µB
a
ρσ)− Ω
aτ(∂µA
a
τ ) + L
a(∂µc
a)−Da(∂µφ
a)
+ρaτ (∂µξ
a
τ ) + εµρσνΩ
aρ(∂σhaν)− εµρσνγ
aρσ(∂νba)
)
.
(2.18)
Notice that ∆clµ , being linear in the quantum fields, is a classical breaking.
The ghost equation, usually valid in the Landau gauge [14, 15], in the
present case reads :
GaΣ = ∆a , (2.19)
where
Ga =
∫
d4x
(
δ
δφa
− f abcφ¯b
δ
δbc
)
, (2.20)
and
∆a =
∫
d4x f abc
(
1
2
εµνρσγ
bµνγcρσ + εµνρσγ
bµν(∂ρξ¯cσ) +Dbcc + ρbµAcµ
)
.
(2.21)
Anticommuting the ghost equation (2.19) with the Slavnov identity
(2.12), one finds a further constraint, again linearly broken :
FaΣ = Ξa , (2.22)
where
Fa =
∫
d4x f abc
(
−εµνρσ(γbµν + ∂µξ¯bν)
δ
δBcρσ
+ ρbµ
δ
δΩcµ
−Db
δ
δLc
−cb
δ
δφc
− Abµ
δ
δξcµ
− φ¯b
δ
δc¯c
+ ωb
δ
δbc
)
,
(2.23)
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and
Ξa =
∫
d4x f abcεµνρσγ
bµν∂ρhcσ . (2.24)
The gauge–fixing conditions are :
δΣ
δba
= ∂Aa
δΣ
δhaν
= ∂µBaµν + ∂νe
a
δΣ
δωa
= ∂ξa + λa (2.25)
δΣ
δλa
= −∂ξ¯a − ωa ,
As usual [16], commuting (2.25) with the Slavnov identity (2.12), one
gets the antighost equations :
∂µ
δΣ
δΩaµ
+
δΣ
δc¯a
= 0
∂µ
δΣ
δρaµ
−
δΣ
δφ¯a
= 0
δΣ
δea
+ ∂ha = 0 (2.26)
∂µ
δΣ
δγaµν
+
δΣ
δξ¯aν
+ ∂νλ
a = 0 ,
To summarize, the classical action Σ (2.1) is characterized by :
i) the Slavnov identity
S(Σ) = 0 ; (2.27)
ii) the vectorial supersymmetry
WµΣ = ∆
cl
µ ; (2.28)
iii) the ghost and the Fa–equations
GaΣ = ∆a (2.29)
FaΣ = Ξa ; (2.30)
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iv) the gauge–fixing conditions (2.25) .
The operators in (2.27)–(2.30) form a nonlinear algebra whose relevant
part takes the form :
BγS(γ) = 0
{Wµ,Wν} = 0
WµS(γ) +Bγ(Wµγ −∆clµ ) = Pµγ ,
(2.31)
GaS(γ)−Bγ(Gaγ −∆a) = Faγ − Ξa
Ga(Wµγ −∆
cl
µ )−Wµ(G
aγ −∆a) = 0
Fa(Wµγ −∆clµ ) +Wµ(F
aγ − Ξa) = 0
Ga(Gbγ −∆b)− Gb(Gaγ −∆a) = 0
Fa(F bγ − Ξb) + F b(Faγ − Ξa) = 0
FaS(γ) + Bγ(Faγ − Ξa) = 0
Ga(F bγ − Ξb)−F b(Gaγ −∆a) = 0 ,
(2.32)
where Pµ is the translation operator
Pµ =
∑
(all fields ϕ)
∫
d4x (∂µϕ)
δ
δϕ
, (2.33)
and γ is a generic functional with even Faddeev–Popov charge.
Notice that the subalgebra (2.31) formed by the Slavnov and by the
operator Wµ closes on the translations, which allows a supersymmetric
interpretation of the model. This feature is shared by a large class of
topological models as, for instance, the three–dimensional Chern–Simons
theory [11] and the three–dimensional Einstein–Hilbert gravity [6].
Finally, the rigid gauge invariance of the classical action is expressed by
HarigΣ = 0 , (2.34)
where
Harig =
∑
(all fields ϕ)
∫
d4x f abcϕb
δ
δϕc
. (2.35)
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3 Absence of counterterms
This section is devoted to the algebraic characterization of the possible
local counterterms which are compatible with the symmetries and the con-
straints (2.25)–(2.30) satisfied by the classical action Σ.
We look then at the most general integrated local polynomial in the
fields Σ˜(c) with dimensions four and zero ghost number which satisfies the
following stability conditions [10, 14, 15, 16] :
δΣ˜(c)
δba
=
δΣ˜(c)
δhaν
=
δΣ˜(c)
δωa
=
δΣ˜(c)
δλa
= 0 , (3.1)
∂µ
δΣ˜(c)
δΩaµ
+
δΣ˜(c)
δc¯a
= 0
∂µ
δΣ˜(c)
δρaµ
−
δΣ˜(c)
δφ¯a
= 0
δΣ˜(c)
δea
= 0 (3.2)
∂µ
δΣ˜(c)
δγaµν
+
δΣ˜(c)
δξ¯aν
= 0 ,
GaΣ˜(c) = 0 , (3.3)
FaΣ˜(c) = HarigΣ˜
(c) = 0 , (3.4)
WµΣ˜
(c) = 0 , (3.5)
BΣΣ˜
(c) = 0 (3.6)
where BΣ is the linearized Slavnov operator defined in (2.14).
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The conditions (3.1) and (3.2) imply that Σ˜(c) does not depend on the
fields (b, h, ω, λ, e) and that the external sources (Ω, ρ, γ) and the antighosts(
c¯, φ¯, ξ¯
)
appear only in the combinations
(
Ω̂, ρ̂, γ̂
)
:
Ω̂µ = Ωµ + ∂µc¯
γ̂µν = γµν + 1
2
(∂µξ¯ν − ∂ν ξ¯µ)
ρ̂µ = ρµ − ∂µφ¯ ,
(3.7)
i.e.
Σ˜(c) = Σ˜(c)(A, c, B, ξ, φ, γˆ, Ωˆ, L, ρˆ, D) . (3.8)
From the ghost equation (3.3) it follows that Σ˜(c) depends only on the
space–time derivatives of the ghost φ, so that Σ˜(c) can be parametrized as
Σ˜(c) = Σ˜(2) + Σ˜(3) + Σ˜(4) , (3.9)
where, according to the number of fields,
Σ˜(2) =
∫
d4x
(
a1B
a
µνB
aµν + a2ε
µνρσBaµνB
a
ρσ + a3B
aµν∂µA
a
ν
+a4ε
µνρσBaµν∂ρA
a
σ + a5(∂µA
a
ν)(∂
µAaν) + a6(∂A
a)(∂Aa)
+a7γˆ
aµν∂µξ
a
ν + a8ε
µνρσγˆaµν∂ρξ
a
σ + a9ξ
a
µΩˆ
aµ
+a10Ωˆ
aµ∂µc
a + a11φ
a∂ρˆa
)
,
(3.10)
Σ˜(3) =
∫
d4x f abc
(
b1A
a
µA
b
νB
cµν + b2ε
µνρσAaµA
b
νB
c
ρσ + b3(∂µA
a
ν)A
bµAcν
+b4γˆ
aµνBbµνc
c + b5ε
µνρσγˆaµνB
b
ρσc
c + b6γˆ
aµνAbµξ
c
ν
+b7ε
µνρσγˆaµνA
b
ρξ
c
σ + b8(∂µγˆ
aµν)Abνc
c + b9ε
µνρσ(∂µγˆ
a
νρ)A
b
σc
c
+b10γˆ
aµν(∂µA
b
ν)c
c + b11ε
µνρσγˆaµν(∂ρA
b
σ)c
c + b12Ωˆ
aµAbµc
c
+b13L
acbcc + b14ρˆ
aµξbµc
c + b15ρˆ
aµ(∂µc
b)cc
)
,
(3.11)
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Σ˜(4) =
∫
d4x
(
cabcd1 A
a
µA
bµAcνA
dν + cabcd2 ε
µνρσAaµA
b
νA
c
ρA
d
σ + c
abcd
3 A
a
µA
b
νγˆ
cµνcd
+cabcd4 ε
µνρσAaµA
b
νγˆ
c
ρσc
d + cabcd5 D
acbcccd + cabcd6 ρˆ
aµAbµc
ccd
+cabcd7 γˆ
aµνγˆbµνc
ccd + cabcd8 ε
µνρσγˆaµνγˆ
b
ρσc
ccd
)
,
(3.12)
and
{
ai, bi, c
abcd
i
}
are arbitrary constant parameters.
Let us consider now the Wµ–condition (3.5).
Since the operator Wµ in (2.17) acts linearly on all the fields, condi-
tion (3.5) holds separately for each term of the decomposition (3.9). This
property considerably simplifies the algebraic analysis concerning Wµ.
The final result is that the Wµ–invariance of Σ˜(c) forces all the coeffi-
cients in (3.10), (3.11), (3.12) to vanish, implying the absence of countert-
erms :
Σ˜(c) = 0 . (3.13)
We can therefore conclude that conditions (2.25)–(2.30) completely iden-
tify the classical action, i.e. there is no possibility for any local deformation.
4 Anomalies
The purpose of this last section is to show the absence of anomalies for the
operators entering the nonlinear algebra (2.31) and (2.32).
This result, combined with the previous one (3.13), concerning the ab-
sence of counterterms, completes the proof of the perturbative finiteness
of the model.
In what follows we shall adopt the strategy of collecting all the sym-
metries of the gauge–fixed action (Sinv + Sgf) into a unique operator by
means of the introduction of new global ghosts [17]. As we shall see, this
procedure turns out to be the most convenient one when dealing with a
nonlinear algebra involving several operators.
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The gauge–fixing conditions (2.25), the antighost equations (2.26) and
the rigid gauge invariance (2.34) are known to be renormalizable and will
be assumed to hold for the quantum vertex functional Γ
Γ = Σ + O(h¯) : (4.1)
δΓ
δba
= ∂Aa
δΓ
δhaν
= ∂µBaµν + ∂νe
a
δΓ
δωa
= ∂ξa + λa (4.2)
δΓ
δλa
= −∂ξ¯a − ωa ,
∂µ
δΓ
δΩaµ
+
δΓ
δc¯a
= 0
∂µ
δΓ
δρaµ
−
δΓ
δφ¯a
= 0
δΓ
δea
+ ∂ha = 0 (4.3)
∂µ
δΓ
δγaµν
+
δΓ
δξ¯aν
+ ∂νλ
a = 0 ,
HarigΓ = 0 . (4.4)
4.1 The D operator
To collect all the symmetries (2.7), (2.8), (2.19) and (2.22) of the gauge–
fixed action (Sinv + Sgf) into a unique operator, let us define :
Q ≡ s+ uaGa + vaFa(0) + η
µδµ + θ
µPµ − u
a ∂
∂va
− ηµ
∂
∂θµ
, (4.5)
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where Fa(0) coincides with the operator F
a in (2.23) at vanishing external
sources :
Fa(0) =
∫
d4x f abc
−εµνρσ∂µξ¯bν δ
δBcρσ
− cb
δ
δφc
− Abµ
δ
δξcµ
− φ¯b
δ
δc¯c
+ ωb
δ
δbc
 ,
(4.6)
and (ua, va, ηµ, θµ) are global parameters whose quantum numbers are :
u v η θ
dim 0 0 -1 -1
ΦΠ 3 2 2 1
Table 3.Dimensions and ΦΠ–charges of the parameters.
It is easily seen that the operator Q describes a symmetry of the gauge–
fixed action :
Q (Sinv + Sgf) = 0 , (4.7)
and, as it happens for the BRS transformations (2.7),
Q2 = 0 + equations of motion , (4.8)
i.e. Q is nilpotent on–shell.
Introducing the modified source term
S
(Q)
ext =
∫
d4x
(
Ωaµ(QAaµ) + L
a(Qca) + γaµν(QBaµν)
+Da(Qφa) + ρaµ(Qξaµ)
+εµνρσ
(
1
2f
abcγaµνγbρσφc + ηµΩaνγaρσ + f abcvaγbµνγcρσ
) )
,
(4.9)
the new total action
I = Sinv + Sgf + S
(Q)
ext (4.10)
obeys the following generalized Slavnov identity
D(I) = 0 , (4.11)
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where
D(I) =
∫
d4x
(
δI
δΩaµ
δI
δAaµ
+
δI
δLa
δI
δca
+ 1
2
δI
δγaµν
δI
δBaµν
+
δI
δDa
δI
δφa
+
δI
δρaµ
δI
δξaµ
+ (Qc¯a)
δI
δc¯a
+ (Qba)
δI
δba
+ (Qξ¯aµ)
δI
δξaµ
+(Qhaµ)
δI
δhaµ
+ (Qφ¯a)
δI
δφ¯a
+ (Qωa)
δI
δωa
+ (Qea)
δI
δea
+(Qλa)
δI
δλa
)
− ua
∂I
∂va
− ηµ
∂I
∂θµ
.
(4.12)
It is remarkable to note that the modified source term (4.9) leads to
a generalized Slavnov identity (4.11) which, in contrast to what happens
for the operators Wµ, G
a and Fa in (2.16), (2.19) and (2.22), surprisingly
describes an exact symmetry of the total action I
Again, due to the presence in S
(Q)
ext of quadratic terms in the external
sources, the linearized operator
DI =
∫
d4x
(
δI
δΩaµ
δ
δAaµ
+
δI
δAaµ
δ
δΩaµ
+
δI
δLa
δ
δca
+
δI
δca
δ
δLa
+12
δI
δγaµν
δ
δBaµν
+ 12
δI
δBaµν
δ
δγaµν
+
δI
δDa
δ
δφa
+
δI
δφa
δ
δDa
+
δI
δρaµ
δ
δξaµ
+
δI
δξaµ
δ
δρaµ
+ (Qc¯a)
δ
δc¯a
+ (Qba)
δ
δba
+(Qξ¯aµ)
δ
δξ¯aµ
+ (Qhaµ)
δ
δhaµ
+ (Qφ¯a)
δ
δφ¯a
+ (Qωa)
δ
δωa
+(Qea)
δ
δea
+ (Qλa)
δ
δλa
)
− ua
∂
∂va
− ηµ
∂
∂θµ
,
(4.13)
is nilpotent :
DIDI = 0 . (4.14)
It is apparent now that the Slavnov identity in (4.11) describes the
complete nonlinear algebra (2.31) and (2.32).
The dependence of the action I on the new ghosts (ua, va, ηµ, θµ) is
controlled by the following equations :
∂I
∂ua
= ∆a(u) ,
∂I
∂va
= ∆a(v) (4.15)
14
∂I
∂ηµ
= ∆(η)µ ,
∂I
∂θµ
= ∆(θ)µ , (4.16)
where
∆a(u) = −
∫
d4xDa
∆a(v) =
∫
d4x f abc
(
εµνρσγ
bµν∂ρξ¯cσ + ρbµAcµ +D
bcc +
1
2
εµνρσγ
bµνγcρσ
)
∆(η)µ =
∫
d4x
(
εµνρσΩ
aν(∂ρξ¯aσ + γaρσ)− LaAaµ − εµνρσγ
aρσ∂ν c¯a
−ρaνBaµν +D
aξaµ
)
(4.17)
∆(θ)µ =
∫
d4x
(
−Ωaν∂µA
a
ν + L
a∂µc
a − γaρσ∂µB
a
ρσ + ρ
aν∂µξ
a
ν −D
a∂µφ
a
)
,
which, being linear in the quantum fields, represent classical breakings.
Notice that
∆a(v) = ∆
a , (4.18)
where ∆a is the classical breaking of the ghost equation (2.19).
The operators (4.12) and (4.15), (4.16) form the following nonlinear
algebra :
∂
∂ua
D(γ) +Dγ
(
∂γ
∂ua
−∆a(u)
)
= Gaγ −
∂γ
∂va
(4.19)
∂
∂va
D(γ) − Dγ
(
∂γ
∂va
−∆a(v)
)
=
Faγ +
∫
d4x εµνρσf
abc(∂ργbµν)
(
hcσ − ησφ¯c + θλ∂λξ¯
cσ
) (4.20)
∂
∂ηµ
D(γ) − Dγ
(
∂γ
∂ηµ
−∆(η)µ
)
=
Wµγ −
∂γ
∂θµ
+
∫
d4x εµνρσ(∂
ρΩaν)
(
haσ − ησφ¯a + θλ∂λξ¯aσ
)
−
∫
d4x εµνρσ(∂
νγaρσ)
(
ba − f abcvbφ¯c + θλ∂λc¯
a
)
(4.21)
∂
∂θµ
D(γ) +Dγ
(
∂γ
∂θµ
−∆(θ)µ
)
= Pµγ , (4.22)
where γ is a generic functional with even ΦΠ–charge.
It is important at this point to spend a few words on this construction,
the motivation for the introduction of the operator D(γ) is that the search
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of the anomalies for each single operator of the nonlinear algebra (2.31)–
(2.32) is now reduced to the characterization of a unique anomaly for the
Slavnov operator D(γ), i.e. if the quantum vertex functional
Γ(Q) = I + O(h¯) (4.23)
satisfies the Slavnov identity
D(Γ(Q)) = 0 (4.24)
and the global ghost equations (4.15), (4.16) then the vertex functional
Γ ≡ Γ(Q)
∣∣∣
u=v=η=θ=0
(4.25)
obeys the equations
S(Γ) = 0 (4.26)
and
GaΓ = ∆a , FaΓ = Ξa (4.27)
WµΓ = ∆
cl
µ , PµΓ = 0 , (4.28)
which imply the absence of anomalies for the operators (2.27)–(2.30).
Indeed, replacing γ by Γ(Q) in (4.19)–(4.22) one finds the identities :
GaΓ(Q) =
∂Γ(Q)
∂va
= ∆a(v) ≡ ∆
a
FaΓ(Q) = −
∫
d4x εµνρσf
abc(∂ργbµν)
(
hcσ − ησφ¯c + θλ∂λξ¯
cσ
)
WµΓ
(Q) =
∂Γ(Q)
∂θµ
−
∫
d4x εµνρσ(∂
ρΩaν)
(
haσ − ησφ¯a + θλ∂λξ¯
aσ
)
(4.29)
+
∫
d4x εµνρσ(∂
νγaρσ)
(
ba − f abcvbφ¯c + θλ∂λc¯
a
)
PµΓ
(Q) = 0 ,
which, taken at vanishing global ghosts, reduce exatcly to the identities
(4.27), (4.28), while
D(Γ(Q))
∣∣∣
u=v=η=θ=0
≡ S(Γ) = 0 . (4.30)
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4.2 Absence of anomalies
For what concerns the renormalization of the global ghost equations (4.15),
(4.16), it is easy to show that they can be implemented at the quantum
level, i.e. :
∂Γ(Q)
∂ua
= ∆a(u) ,
∂Γ(Q)
∂va
= ∆a(v) (4.31)
∂Γ(Q)
∂ηµ
= ∆(η)µ ,
∂Γ(Q)
∂θµ
= ∆(θ)µ , (4.32)
Let us now discuss the renormalization of the Slavnov identity (4.11).
According to the Quantum Action Principle [18], the least order break-
ing A of the Slavnov identity
D(Γ(Q)) = A+ O(h¯A) (4.33)
is an integrated local functional with dimensions four and Faddeev–Popov
charge +1, which, at the lowest nonvanishing order in h¯, satisfies the con-
sistency condition
DIA = 0 . (4.34)
To study the cohomology of the nilpotent operator DI , we introduce
the filtration
N = ua
∂
∂ua
+ va
∂
∂va
+ ηµ
∂
∂ηµ
+ θµ
∂
∂θµ
. (4.35)
Thanks to the property (4.30), N decomposes the operator DI as :
DI = D
(0) +D(R) , (4.36)
with
D(0) = BΣ − u
a ∂
∂va
− ηµ
∂
∂θµ
, (4.37)
and BΣ is the linearized Slavnov operator defined in (2.14). Due to the
nilpotency of BΣ, it follows that
D(0)D(0) = 0 . (4.38)
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Since the cohomology of DI is isomorphic to a subspace of that of
D(0) [20], we proceed to the characterization of the cohomology of this
latter operator, i.e. we study the equation
D(0)X = 0 , (4.39)
in the space of integrated local functionals with dimension four and Faddeev–
Popov charge +1.
Expression (4.37) shows that the global ghosts (u, v) and (η, θ) appear
in BRS doublets and it is known [20] that the cohomology cannot depend
on such couples.
The equation (4.39) is then equivalent to :
BΣ∆ = 0 , (4.40)
where ∆ is an integrated local functional independent from the pairs of
global ghosts which, on the other hand, are not reintroduced by BΣ (2.14).
Writing ∆ in terms of differential forms :
∆ =
∫
∆14(x) , (4.41)
the equation (4.40) can be translated into a local one as :
BΣ∆
1
4 + d∆
2
3 = 0 , (4.42)
where d is the exterior derivative and ∆14, ∆
2
3 are forms of degree four and
three and ghost number one and two respectively, according to the notation
∆pq ;
 p = ghost numberq = form degree (4.43)
The identity (4.42) yields a sequence of descent equations [19]
BΣ∆
1
4 + d∆
2
3 = 0 (4.44)
BΣ∆
2
3 + d∆
3
2 = 0 (4.45)
BΣ∆
3
2 + d∆
4
1 = 0 (4.46)
BΣ∆
4
1 + d∆
5
0 = 0 (4.47)
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BΣ∆
5
0 = 0 , (4.48)
whose most general expression for the ∆50–cocycle is
∆50 = a
abcde
1 c
acbcccdce + aabcd2 φ
acbcccd + aabc3 φ
aφbcc . (4.49)
The invariance condition (4.48) implies that
∆50 = rd
apqf pbcf qdecacbcccdce + BΣ∆˜
4
0 (4.50)
where dabc is the completely symmetric tensor of rank three and r an arbi-
trary coefficient.
This cocycle yields the usual nonabelian gauge anomaly [19] whose ab-
sence, in this case, is insured by the fact that all the fields belong to the
adjoint representation of the gauge group G. It is well known indeed that
the triangle anomaly generates a symmetric tensor dabc with a nonvan-
ishing coefficient only if the model contains fields belonging to a complex
representation of G. This means that the coefficient r in (4.50) vanishes.
We have then proven that the local cohomology ofBΣ in the five–charged
Faddeev–Popov sector is empty. This implies that the equation (4.47)
reduces to a problem of a local cohomology instead of a modulo–d one,
leading us to the study of the local cohomology of the BΣ–operator.
To do this, we introduce a further filtering operator [20] :
N˜ = NA +NB +Nc +Nξ +Nγˆ +NΩˆ +NL +ND +Nρˆ +Nφ (4.51)
where Nϕ is the counting operator :
Nϕ =
∫
d4x ϕ
δ
δϕ
. (4.52)
N˜ decomposes the operator BΣ as :
BΣ = B
(0)
Σ +B
(R)
Σ (4.53)
where
B
(0)
Σ =
∫
d4x
(
−∂µca
δ
δAaµ
− ∂µξaν
δ
δBaµν
+ ∂µφ
a δ
δξaµ
− 14ε
µνρσ∂ρA
a
σ
δ
δγˆaµν
−12ε
µνρσ∂νB
a
ρσ
δ
δΩ̂aµ
+ 2∂νγˆ
aµν δ
δρˆaµ
− ∂Ωˆa
δ
δLa
− ∂ρˆa
δ
δDa
)
.
(4.54)
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and
B
(0)
Σ B
(0)
Σ = 0 . (4.55)
Following [15, 20], it is not difficult to show that the local cohomology
of B
(0)
Σ depends only on the undifferentiated ghosts (c, φ).
Since c and φ are both dimensionless, it follows that the most general
solution for the higher cocycle ∆14 is a B
(0)
Σ –coboundary modulo a total
derivative, implying then the vanishing of the cohomology of BΣ.
Moreover, since the cohomology of DI is isomorphic [20] to a subspace
of that of BΣ, it follows that the general solution of the equation (4.34) is
A = DIÂ . (4.56)
This concludes the proof of the absence of anomalies.
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